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with help of the Einstein equations and

























Evaluating the integral involving the dilaton
d'Alembertian we obtain the dilaton term, D=, in
the mass formula [8].
We then replace the horizon angular momentum J
H
by




















































the gauge eld equations of motion. The mass formula

























To show Eq. (9) we choose a gauge, where the gauge po-















dened with Killing vector  =  + 
 ( = @
t
,  = @
'
)










































Q = Q for (1) = 0. When the Smarr





Non-Abelian black holes We now turn to the non-












































For the metric we choose the stationary axially sym-



























































































denote the dot products
of the Cartesian vector of Pauli matrices with the spher-
ical spatial unit vectors. With respect to the residual









= 0 [10]. All functions depend only on
x and . The above ansatz satises the Ricci circularity
and Frobenius conditions [15].
The event horizon of stationary black holes resides at
a surface of constant radial coordinate x = x
H
, and is
characterized by the condition f(x
H
) = 0. At the horizon
we impose the boundary conditions [10, 17] f = m = l =

























cos  = 0, B
2
+
sin  = 0, where 
 is
the horizon angular velocity.
The boundary conditions at innity, f = m = l = 1,













= 0, ensure, that black holes are asymptotically at
and magnetically neutral. Axial symmetry and regularity
impose the boundary conditions on the symmetry axis








! = 0, @
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= 0, and agree with








To show the mass formula Eq. (2) for the non-Abelian
black holes, we need to consider the asymptotic ex-
pansion for the metric, the gauge eld and the dilaton
functions [10, 17]. The mass M , the angular momen-
tum J = aM , the non-Abelian electric charge Q (where
jQj is the gauge invariant non-Abelian electric charge of





















We further need the horizon area A and the horizon
temperature T = 
sg















3To derive the mass formula for the non-Abelian black
holes we rst follow the arguments employed in the















































Since the trace of a commutator vanishes, we replace
the gauge covariant derivative by the partial derivative,
and again make use of the fact that the electrostatic po-











 [17]. Hence the integral vanishes at the horizon,
and we are left with the integral at innity. Evaluat-
ing this integral with help of the asymptotic expansion
[17] then yields the desired result. Thus the mass formula
Eq. (2) holds for the non-Abelian black holes as well [17].
Numerical results We solve the set of eleven coupled
non-linear elliptic partial dierential equations numer-
ically, subject to the above boundary conditions, em-




Starting with a static spherically symmetric SU(2)





= 0, we choose a small but nite value for !
H
. The









. By varying !
H
, while keeping
the horizon parameter x
H
and the dilaton coupling con-
stant  xed, we obtain a set of rotating hairy black holes,
analogous in many respects to the EYM black holes [10].
In Fig. 1 we display the specic angular momentum
a = J=M , the non-Abelian electric charge Q, and the rel-
ative dilaton charge D= for black holes with horizon pa-
rameter x
H
= 0:1 and dilaton coupling constant  = 1 as
functions of the mass M . As expected [10], these global
charges are close to the corresponding global charges of
the embedded Abelian solutions [19] with Q = 0 and
P = 1.
In Fig. 2 we exhibit the global charges as functions of
the dilaton coupling constant . With increasing  the
mass M and the relative dilaton charge D= decrease
monotonically, the specic angular momentum a and the
non-Abelian electric charge Q pass extrema [17]. Inter-
estingly, the non-Abelian electric charge Q can change
sign in the presence of the dilaton eld.
Thus we observe the surprising feature that the non-
Abelian charge Q of rotating EYMD black holes can van-
ish. Cuts through the parameter space of solutions with
vanishingQ are exhibited in Fig. 3. Solutions with Q = 0
exist only above 
min
 1:15. These Q = 0 EYMD black
holes represent the rst black hole solutions, which carry
non-trivial non-Abelian electric and magnetic elds and
no non-Abelian charge [20]. As a consequence, these spe-
cial solutions do not exhibit the generic asymptotic non-
integer power fall-o of the stationary non-Abelian gauge
























FIG. 1: The specic angular momentum a, the non-Abelian
electric charge Q, and the relative dilaton charge D= are
shown for the EYMD black hole solutions (x
H
= 0:1,  = 1)
as functions of the massM . Also shown are the corresponding
properties of the embedded Abelian solutions with Q = 0 and



























FIG. 2: The global charges (see Fig. 1) are shown as functions





Let us now turn to the horizon properties of the EYMD





A=4, the temperature T , the deformation of





, and the Gaussian curvature
at the poles K. As for EM black holes [3], the Gaussian
curvature of the horizon can become negative and the
topology of the horizon is that of a 2-sphere.
The numerically constructed stationary axially sym-
metric EYMD black holes satisfy the mass formula,
Eq. (2), with an accuracy of 10
 3
. So do the numer-
ically constructed EMD black holes. EYM black holes
are included in the limit  ! 0, since D= remains -















FIG. 3: Cuts through the parameter space of Q = 0 black
hole solutions ( = 1:5,
p
3, 2).
hole solutions will be given elsewhere [17].
Outlook The mass formula holds for the non-
perturbatively known SU(2) EYMD black hole solutions.
However, there may be further black hole solutions in
SU(2) EYMD theory, with dierent boundary conditions
and symmetries. For such black holes, the mass formula
will have to be reconsidered.
Contrary to expectation, black holes in SU(2) EYMD
theory are not uniquely characterized by their mass M ,
their angular momentum J , their non-Abelian electric
charge Q, and their dilaton charge D [17]. Thus a new
uniqueness conjecture for non-Abelian black holes will
have to include an additional charge [21].
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FIG. 4: Same as Fig. 1 for the area parameter x

, the





the Gaussian curvature at the poles K.
[1] W. Israel, Commun. Math. Phys. 8 (1968) 245; D. C.
Robinson, Phys. Rev. Lett. 34 (1975) 905; P. Mazur, J.
Phys. A15 (1982) 3173.
[2] M. Heusler, Black Hole Uniqueness Theorems, (Cam-
brigde University Press, 1996).
[3] L. Smarr, Phys. Rev. Lett. 30 (1973) 71; L. Smarr, Phys.
Rev. D7 (1973) 289.
[4] M. S. Volkov and D. V. Galt'sov, Sov. J. Nucl. Phys. 51
(1990) 747; P. Bizon, Phys. Rev. Lett. 64 (1990) 2844;
H. P. Kunzle and A. K. M. Masoud-ul-Alam, J. Math.
Phys. 31 (1990) 928.
[5] M. S. Volkov and D. V. Gal'tsov, Phys. Rept. 319 (1999)
1.
[6] D. Sudarsky and R. Wald, Phys. Rev.D47 (1993) R5209.
[7] A. Corichi, U. Nucamendi, and D. Sudarsky, Phys. Rev.
D62 (2000) 044046; B. Kleihaus, J. Kunz, A. Sood, and
M. Wirschins, Phys. Rev. D65 (2002) 061502.
[8] B. Kleihaus and J. Kunz, Phys. Rev. Lett. 79 (1997)
1595; B. Kleihaus and J. Kunz, Phys. Rev. D57 (1998)
6138.
[9] M. S. Volkov and N. Straumann, Phys. Rev. Lett. 79
(1997) 1428; O. Brodbeck, M. Heusler, N. Straumann
and M. S. Volkov, Phys. Rev. Lett. 79 (1997) 4310.
[10] B. Kleihaus and J. Kunz, Phys. Rev. Lett. 86 (2001)
3704; B. Kleihaus, J. Kunz, and F. Navarro-Lerida, gr-
qc/0207042, Phys. Rev. D in press.
[11] G. W. Gibbons and K. Maeda, Nucl. Phys. B298 (1988)
741; D. Garnkle, G. T. Horowitz and A. Strominger,
Phys. Rev. D43 (1991) 3140.
[12] G. W. Gibbons and K. Maeda, Ann. Phys. (N.Y.) 167
(1986) 201; V. Frolov, A.Zelnikov, and U. Bleyer, Ann.
Phys. (Leipzig) 44 (1987) 371.
[13] D. Rasheed, Nucl.Phys. B454 (1995) 379.
[14] E. E. Donets and D. V. Gal'tsov, Phys. Lett. B302
(1993) 411; G. Lavrelashvili and D. Maison, Nucl. Phys.
B410 (1993) 407; B. Kleihaus, J. Kunz, and A. Sood,
Phys. Rev. D54 (1996) 5070.
[15] R. M. Wald, General Relativity (University of Chicago
Press, Chicago, 1984)
[16] A. Ashtekar and A. Corichi, Class. Quantum Grav. 17
(2000) 1317.
[17] B. Kleihaus, J. Kunz, and F. Navarro-Lerida, in prepa-
ration.
[18] J. J. van der Bij and E. Radu, Int. J. Mod. Phys. A17
(2002) 1477.
[19] The boundary conditions for the Abelian solutions agree






[20] Perturbative studies [9] suggested that EYM theory pos-
sesses rotating black hole solutions with non-Abelian
electric and magnetic elds and no non-Abelian charge,
satisfying a dierent set of boundary conditions. Such
solutions, however, could not be obtained numerically
[10, 18].
[21] A. Ashtekar, private communication.
